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Spatial Data
Examples of Spatial Data in Earth Science



Spatial Data



Data that specify the locations of objects and/or  
features in a two or three-dimensional geometric  
space (2D or 3D respectively).  

Geospatial data are a particularly diverse sub- 
set of spatial data whose scope encompasses  
locations and features present on the Earth and  
other planets. But spatial data can encompass  
other aspects of geometric analysis that are  
restricted to more localized domains (e.g.,  
patterns exhibited by thin sections  
or electron micrographs, distributions of points 
in ordination spaces).  

Some make a distinction between spatial and attribute data, but in reality these are simply 
different types of spatial data. All can be analyzed quantitatively and there are many 
benefits that proceed from adopting this approach.

Spatial Data



Vector Data 
Locations of discrete objects and well-defined  
locations using mathematical points, lines and  
polygons. 

Points - specific locations without size or  
shape. 

Lines/Polylines - linear features connecting  
multiple points 

Polygons - enclosed areas with well-defined  
boundaries.

Types of Spatial Data



Advantages of Vector Data 

The geometry itself contains information about  
what the dataset creator thought was impor- 
tant. 

The geometric structures hold information in  
themselves - why choose point over polygon,  
for instance? 

Each geometric feature can carry multiple  
information attributes (e.g., a database  
of cities can have attributes for name, country,  
population). 

Data storage can be very efficient compared  
to raster data.

Types of Spatial Data



Disadvantages of Vector Data 

Potential loss of detail compared to raster 
data. 

Potential bias in datasets - what didn’t get re- 
corded? 

Calculations involving multiple vector layers  
need to analyze patterns in the geometry of 
the data as well that of the vector attributes.  
As a result data analysis can be slow comp- 
ared to the analysis of raster data.

Types of Spatial Data



Raster Data 
A grid of pixels (cells), where each pixel stores a  
value representing a specific geographic attri- 
bute. This format is ideal for representing contin- 
uous surfaces, environmental data, and imagery. 

Satellite Imagery - provides large-scale views  
of Earth's surface, making it essential for  
environmental monitoring, land-use analysis,  
and disaster response. 

Aerial Photography - captures high-resolution  
images from aircraft or drones, offering detail- 
ed visual data for applications such as urban  
mapping, disaster assessment, and forestry  
analysis. 

Digital Elevation Models (DEM) - represent  
terrain elevations and landforms, commonly used in 3D terrain modeling, flood-risk 
analysis, and mountain topography studies.

Types of Spatial Data



Advantages of Raster Data 

Can contain multiple levels (bands) of infor- 
mation. 

Facilitates representation as continuous  
surfaces. 

Potentially very high levels of detail. 

Data are ‘unweighted’ across their extent - the  
geometry doesn’t highlight features implicitly. 

Cell-by-cell calculations can be very fast and  
efficient.

Types of Spatial Data



Disadvantages of Raster Data 

Very large file sizes  are produced as the 
raster-cell size gets smaller. 

Popular formats currently don’t embed meta- 
data well. 

Can be difficult to represent complex  
information.

Types of Spatial Data



Vector Data
Example Analyses: Distribution of Points



The concept of the point is fundamental to spatial data.
Regular Spacing, 
Hexagonal Grid

Regular Spacing, 
Square Grid

Random Spacing 
within a Square Grid

Bivariate, Uniform 
Random Spacing

Non-Uniform Spacing. 
Log Scaling on x-Axis

Random Distribution 
About 8 Centers

Distribution of Points



Often one of the first questions to be 
confronted in an earth science con-
text is what sort of spatial distribution 
the sampled localities in a dataset 
exhibit.  

This is a plot of the locations of 123 
wells drilled in the Arbuckle Group in 
central Kansas. 

Do these data exhibit uniform 
density?

Test for Uniform Distribution of Points
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One approach would 
be to partition the 
area into a series of 
equal-size quadrats 
and count the fre- 
quency of wells that 
fall into each partition. 

If the wells are spaced 
uniformly there should 
be no statistically sig- 
ficiant difference be-
tween the quadrat 
frequency counts.

Cell Obs.
1 8
2 13
3 8
4 14
5 20
6 14
7 11
8 14
9 5

10 9
11 3
12 4
𝚺 123

Test for Uniform Distribution of Points: Quadrat Analysis
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Distribution of Points
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The Chi-Squared (  ) Test 

Statistical test to determine if there is 
a significant difference between 
observed and expected frequencies 
in categorical data. The  statistic 
can also be used to test for variable 
independence and whether the data 
fits a specific distribution (goodness-
of-fit test).

χ2

χ2

Test for Uniform Distribution of Points: Quadrat Analysis
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Cell Obs. Expect. (O-E)2 / E
1 8 10.25 0.49
2 13 10.25 0.74
3 8 10.25 0.49
4 14 10.25 1.37
5 20 10.25 9.27
6 14 10.25 1.37
7 11 10.25 0.05
8 14 10.25 1.37
9 5 10.25 2.69

10 9 10.25 0.15
11 3 10.25 5.13
12 4 10.25 3.81
𝚺 123 123 26.95

Distribution of Points
Test for Uniform Distribution of Points: Quadrat Analysis
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The Chi-Squared (  ) Test χ2

 = 26.95χ2
obs.

 = 18.31χ2
α=0.05,dof=10

Reject H0

Test for Uniform Distribution of Points: Quadrat Analysis



Test for a Random Distribution of Points: Quadrat Analysis

This diagram records the locations of 
discovery wells on the eastern shelf of 
the Permian Basin in West Texas. The 
grid represents a 10 mi2 area and 
there are 168 wells in total.

Does the occurrence of oil wells in this 
area exhibit a random distribution?

Distribution of Points



Binomial Probability Distribution 
of Well Occurrences per 

Quadrat

Distribution of Points
Test for a Random Distribution of Points: Quadrat Analysis



Distribution of Points

Cell Binomial 
Prob. Expect. Obs. χ2

0 0.3499 55.99 70 3.51

1 0.3674 58.79 42 4.79

2 0.1929 30.86 26 0.77

3 0.0675 10.80 17 3.56

4-6 0.0221 3.54 5 0.61

𝚺 0.9999 159.98 160.00 13.23

Test for a Random Distribution of Points: Quadrat Analysis



Test for a Random Distribution of Points: Quadrat Analysis

Discoveries per Quadrat
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Distribution of Points



Cell Binomial 
Prob. Expect. Obs. x2

0 0.3499 55.99 70 3.51

1 0.3674 58.79 42 4.79

2 0.1929 30.86 26 0.77

3 0.0675 10.80 17 3.56

4-6 0.0221 3.54 5 0.61

𝚺 0.9999 159.98 160.00 13.23

Distribution of Points
Test for a Random Distribution of Points: Quadrat Analysis



Test for a Clustered Distribution of Points: Quadrat Analysis

This diagram records the locations of 
discovery wells on the eastern shelf of 
the Permian Basin in West Texas. The 
grid represents a 10 mi2 area and 
there are 168 wells in total.

Does the occurrence of oil wells in this 
area exhibit a clustered distribution?

Distribution of Points



Binomial Probability Distribution 
of Well Clusters per Quadrat

Distribution of Points
Test for a Clustered Distribution of Points: Quadrat Analysis

P(0) =
1

(1 + p)k

P(r) =
(k + r − 1) ⋅ ( p

1 + p )

r
⋅ P(r − 1)

Where:  = a clustering parameter scaled by the  
variance in discoveries across 
quadrats. 

p = the scaled cluster probability.

k



Binomial Probability Distribution 
of Well Clusters per Quadrat

Distribution of Points
Test for a Clustered Distribution of Points: Quadrat Analysis

k =
(m/T)2

s2 − (m/T)

p =
m/T

k

Where:  = number of discoveries. 
 = number of quadrats. 
 = variance of discoveries across  

quadrats.

m
T
s2



Distribution of Points

Cell Binomial 
Prob. Expect. Obs. x2

0 0.4124 65.98 70 0.24

1 0.3112 49.80 42 1.22

2 0.1611 25.78 26 0.00

3 0.0707 11.31 17 2.87

4-6 0.0426 6.81 5 0.48

𝚺 0.9980 159.67 160.00 4.82

Test for a Clustered Distribution of Points: Quadrat Analysis
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Distribution of Points

Cell Binomial 
Prob. Expect. Obs. x2

0 0.4124 65.98 70 0.24

1 0.3112 49.80 42 1.22

2 0.1611 25.78 26 0.00

3 0.0707 11.31 17 2.87

4-6 0.0426 6.81 5 0.48

𝚺 0.9980 159.67 160.00 4.82

Test for a Clustered Distribution of Points: Quadrat Analysis



Test for a Clustered Distribution of Points: Nearest-Neighbor Analysis

Distribution of Points
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Distribution A Distribution B Distribution C

Tests also exist that forego the need to subdivide the space into quadrants. Let’s compare 
the distributions of these three point sets and ask the question of the extent to which they 
exhibit clustering.



The Poisson distribution tabulates the  
number of independent events ( ) that  
occur within a fixed interval given an  
average rate of occurrence ( ). The  
Poisson distribution is useful for model- 
ling distributions of  points in space be- 
cause it: 

assumes complete spatial indepen- 
dence (points don’t attract or repel);  

places points at a constant rate (achieves homogeneity); 

works best for reproducing the occurrence of discrete events; 

models the spatial distribution of rare occurrences effectively.

x

λ

Poisson Distribution

Distribution of Points

P(x) =
e−λλx

x!



The Poisson distribution supports nearest-neigh- 
bor analysis because, for any given area ( ) and 
sample size ( ) it allows estimation of the mean 
distance between any point and its nearest 
neighbor for a random sample.

A
n

Nearest-Neighbor Analysis

Distribution of Points

P(x) =
e−λλx

x!

μ̄ =
1
2

2 A
n

Once we have this estimate we can easily calculate the mean distance to the 
nearest neighbor ( ) of all points in any distribution of points (in 2, 3, or  
dimensions) and compare that value to this prediction. Clark and Evans (1954) 
expressed this as a ratio ( ).

d̄ m

R

R =
d̄
ū



Clark and Evans’  varies between 0.0 (all points 
coincide) and c. 2.15 (all points spaced regularly in 
a hexagonal array.

R

Nearest-Neighbor Analysis

Distribution of Points

P(x) =
e−λλx

x!

Note, this test provides not only a means whereby we can identify when data exhibit a 
clustered character (as well as providing a definition of what clustered data are), it also 
provides a means whereby we can identify data that have a non-random dispersed 
character (as well as providing a definition of what dispersed data are).

If  < 0.0 ,  <   ➛ data are clustered. 
If  = 0.0 ,  =   ➛ data are distributed  

randomly. 
If  > 0.0 ,  >   ➛ data are dispersed.

R d̄ ū
R d̄ ū

R d̄ ū



The Poisson distribution also allows us to turn this 
relation into a parametric statistical test. To do this 
we need an estimate of the standard error for the 
estimate of the mean nearest-neighbor distance 
( ).se

Nearest-Neighbor Analysis

Distribution of Points

P(x) =
e−λλx

x!

se =
(4 − π)A

2 2 πn

Once we have this estimate we can easily calculate the associated probability ( ) value 
via reference to the standardized normal distribution (  test). Note this test does not 
assume the data are normally distributed because (i.)  is estimated from the Poisson 
distribution and (ii.)  will be distributed normally via the CLT.

p
Z
ū

d̄

R =
d̄
ū
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One widely recognized problem with nearest-neighbor  
analysis is that points near the edge of the distribution 
have fewer neighbors than points close to the distribu- 
tion’s center. There are serval potential solutions to this 
problem, the most commonly implemented of which is a 
set of correction factors for the estimate of the mean 
nearest-neighbor distance and its variance (see 
Donnelly, 1978) based on extensive simulations.

Nearest-Neighbor Analysis

Distribution of Points

s2
δ ≈ 0.070
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1
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Note: in both these equa-
tions  is the perimeter of 
the boundary used to esti-
mate .
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Test for a Clustered Distribution of Points: Nearest-Neighbor Analysis

Distribution of Points

X Axis

Y 
A

xi
s

X AxisX Axis

Y 
A

xi
s

Y 
A

xi
s

Distribution A Distribution B Distribution C

 = 0.574 
 = 0.397

ū
d̄

 = 0.691 
 = 3.017

R
z

 = 0.0013a

 = 0.811 
 = 1.088

ū
d̄

 = 1.341 
 = 3.570

R
z

 = 0.712 
 = 1.430

ū
d̄

 = 2.010 
 = 10.581

R
z

 = 0.0001a  = 0.000000000a



How Many Clusters are Present in a Dataset

Distribution of Points

In earth science research we are often confronted with ordination plots that look like this and 
asked to determine how many clusters of points are present in such data. For low-dimensional 
data this question can usually be addressed qualitatively via plotting. But with high-dimensional 
data this is not a practical option.



How Many Clusters are Present in a Dataset?

Distribution of Points
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How Many Clusters are Present in a Dataset?

Distribution of Points

D
is

ta
nc

e

Complete Linkage Clusters



How Many Clusters are Present in a Dataset?

Distribution of Points
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How Many Clusters are Present in a Dataset?

Distribution of Points
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Cluster-Quality Indices

Distribution of Points

Si = (
1
Ti

Ti

∑
j=1

Xj − Ai
q
)1/q Mij = (

N

∑
k=1

Aki − Akj
p
)1/p

Rij =
Si + Sj

Mij
R̄ =

1
N

N

∑
i=1

maxj:j≠1Rij

Davies-Bouldin Index

Dispersion within each cluster ( )i Dispersion of cluster centroids (  vs )i j

Similarity between clusters (  vs )i j Average similarity

Davies & Bouldin (1979)



Cluster-Quality Indices

Distribution of Points

ai,k =
1

Tk − 1

Tk

∑
j=1:j≠i

dj,k bi,l = minj≠i
1
Tl

Tl

∑
j=1

dj,l

Rousseeuw’s Silhouette Index

Average distance between each 
point ( ) in each cluster ( ) and 

every other point in that cluster. The  
choice of the distance metric ( ) to 
use is up to the analyst and should 
be made based on the character of 

the data and purpose of the 
analysis.

aik k

d

Comparison  between the points ( ) 
in each cluster and the cluster 

nearest to  to which the point ( ) 
does not belong.

aik

k aik

Rousseeuw (1987)



Cluster-Quality Indices

Distribution of Points

si =

1 −
ai

bi
 , if ai < bi

0 , if ai = bi
ai

bi
− 1 , if ai > bi

Rousseeuw’s Silhouette Index

A comparison is then made between 
the intra-cluster distances ( ) and 
inter-cluster ( ) distances.

a
b

Rousseeuw (1987)

The Silhouette Index is bounded between -1 and 1. A large positive  value 
suggests the object has been placed in the correct cluster, a low positive or 
negative  value suggests the object’s assignment is equivocal. The average of 
the  values ( ) is an overall index for the quality of the cluster solution.

si

si
si s̄



Cluster-Quality Indices

Distribution of Points



How Many Clusters are Present in a Dataset?

Distribution of Points



How Many Clusters are Present in a Dataset?

Distribution of Points

Optimal cluster solution (  = 3) for the example dataset.K



How Many Clusters are Present in a Dataset?

Distribution of Points

Optimal cluster solution (  = 3) for the example dataset.K



How sensitive is this approach?

Distribution of Points

Optimal cluster solution (  = 3) for the example dataset.K



Distribution of Points
How sensitive is this approach?

Random Data



Cluster-Quality Indices

Distribution of Points

Note disagreement between the optimality states suggested by the Davies-
Bouldin and Silhouette indices.



Cluster-Quality Indices

Distribution of Points

Results for 1,000 analyses of random (non-clustered) datasets. This 
approach yielded false positives in only 15 (0.015%) cases.



Fractal Analysis



Fractals are characteristic of some of  
the most geometrically complex objects  
known to science. And, since earth  
scientists often need to deal with,  
describe, and analyze geometrically  
complex objects – from molecules to  
entire planets – and understanding of 
fractals, and, methods to obtain fractal 
dimensions need to be part of every  
quantitative earth scientist’s toolkit. 

The colloquial or conceptual definition of a fractal is any geometric line, surface 
or high-dimensional figure that exhibits a significant amount of “self similarity”. 
This term is used to signify a geometric pattern that recurs at different scales 
across the form of two or higher dimensional objects.

Fractals



Self-Similar Mathematical Objects

Koch Snowflake

Fractals

Dragon Curve Sierpinski’s Triangle



Living Things

Fractals

Minerals Structures

Self-Similar Earth Science Objects



Mathematically, fractals are even more complex. Indeed, theoretical mathematicians 
are still exploring the concept. At the same time, applied mathematicians and artists 
are using fractals to make ever more complex and “natural-looking” objects.

Fractals



Analytically. fractals are defined as any line or surface for which the 
Hausdorff-Besicovitch dimension exceeds its topological dimension.

Lines are considered to have a single dimension because any point on 
the line can be located by a single number (distance from any other 
point). This holds for straight and simple curved lines.

Surfaces are considered to have a two dimensions because any point on 
the surface can be located by a two numbers (x and y distance from any 
other point). This holds for planar and uniformly curving surfaces.

Fractals have an intermediate character because their geometry is 
characterized by regular (= self similar) irregularities at every scale. 
Hence, distances between points are a function of scale.

Fractal Analysis



The classic fractal problem is an earth-science question: How long is the 
coast of Britain?

Mandelbrot, B.B., 1967, How long 
is the coast of Britain? Statistical 
self-similarity and fractional 
dimension: Science, v. 155, p. 
636–638.

Benoit Mandelbrot 
(1924 – 2010)

Mandelbrot, B.B., 1982, The 
fractal geometry of nature: San 
Francisco, California, W. H. 
Freeman & Company Limited, 
460 p.

Fractal Analysis



How long is the coast of Britain?

Fractal Analysis

What’s the length 
of the coastline?

10 segments 
250 km/segment 

2,500 km

13 segments 
200 km/segment 

2,600 km

18 segments 
150 km/segment 

2,700 km



How long is the coast of Britain?

Fractal Analysis

What’s the length 
of the coastline?

29 segments 
100 km/segment 

2,900 km

50 segments 
72 km/segment 

3,600 km

169 segments 
25 km/segment 

4,225 km



Observation No of Steps Step Length 1/Step Length Perimeter

1 10 250 0.004 2,500

2 13 200 0.005 2,600

3 18 150 0.007 2,700

4 29 100 0.010 2,900

5 72 50 0.020 3,600

6 169 25 0.040 4,225

Fractal Analysis
How long is the coast of Britain?



y = 3.95 + 0.23x; r2 = 0.99

Fractal Analysis
How long is the coast of Britain?



Coast of Britain Regression Statistics

Fractal Analysis



Coast of Britain Regression Statistics

Fractal Analysis



How to Convert the Regression Result into a Fractal Dimension

Fractal Analysis



An Alternative Approach to Calculating Df

Fractal Analysis



An Alternative Approach to Calculating Df

Fractal Analysis



An Alternative Approach to Calculating Df

Fractal Analysis



An Alternative Approach to Calculating Df

Fractal Analysis



Observation No of Cells Cell Size 1/Cell Size Perimeter

1 19 100 0.010 1,900

2 46 50 0.020 2,300

3 155 20 0.050 3,100

4 321 11.5 0.087 3,692

5 743 5.7 0.175 4,235

6 1,645 2.85 0.351 4,688

Fractal Analysis
How long is the coast of Britain?



y = 3.82 + 0.26x; r2 = 0.98

An Alternative Approach to Calculating Df

Fractal Analysis



Coast of Iceland Regression Statistics

Fractal Analysis



Coast of Iceland Regression Statistics

Fractal Analysis



An Alternative Approach to Calculating Df

y = 3.82 + 0.26x; r2 = 0.98

Fractal Analysis



Fracture Pattern in 
Sandstone

Pattern of Porosity in Packed 
Glass Beads

Fractal Analysis



Math Function Fractals

Practical & Theoretical Fractals

Julia Set

Gosper Island

Apollonian 
Gasket

Fractal Analysis

Pascal Triangle Dragon Curve



Math Function Fractals

Practical & Theoretical Fractals

Coastline Fractals

Fractal Analysis



Any line or surface for which the Hausdorff-Besicovitch dimension exceeds 
its topological dimension.

Advantages 
Simple model. 
Quick to calculate. 
Allows complex patterns to be represented quantitatively, compared and tested 
against hypothesis-driven expectations. 

Disadvantages 
Fractals are descriptions of one aspect of the systems they are used to 
describe, the do not represent an adequate description of the geometry as a 
whole. 
Comparisons between fractal dimensions characterizing different samples are 
difficult to interpret geometrically.

Fractals



Analysis of Directional Data



Examples of Directional Data in Earth Science

Directional Data



Data that quantify directions, axes and/or  
rotations in two or more dimensions.  

Owing to the constrained character of  
circular, spherical and hyperspherical  
data, the graphical, data analysis, statis- 
tical procedures, and statistical distribu- 
tions employed in the evaluation of such  
data are specialized.  

However, directional data analysis has  
wide application across the earth  
sciences, extending well into areas not typically thought of as involving time, 
periodic motions, rotations or angles.

Directional Data



Striation Angle (°)
21 129
22 132
23 132
24 132
25 134
26 135
27 137
28 144
29 145
30 145
31 146
32 153
33 155
34 155
35 155
36 157
37 163
38 165
39 171
40 172

Graphic Presentation of Directional Data
Striation Angle (°)

1 23
2 27
3 53
4 58
5 64
6 83
7 85
8 88
9 93

10 99
11 100
12 105
13 113
14 113
15 114
16 117
17 121
18 123
19 125
20 126

Orientation of Glacial Striations 
in Southern Finland

25 Bins

Analysis of Directional Data

Striation Angle (°)
41 129
42 132
43 132
44 132
45 134
46 135
47 137
48 144
49 145
50 145
51 146



Vector Resultant

Vectors x y
1 5 7
2 8 3
3 2 5

Resultant 15 15

Analysis of Directional Data

Data

 

 

Where:  = no. of vectors

Xr =
n

∑
i=1

xi

Yr =
n

∑
i=1

yi

n

 

 

θ̄ = tan−1(Yr /Xr)

d̄ = 2 Y2
r + X2

r

 = 15 

 = 15

Xr

Yr

(15/15)  
 0.785 = 45° 

 

 21.213 

θ̄ = tan−1

=

d̄ = 2 152 + 152

=



To Compare Directions of Samples of Different Sizes

Analysis of Directional Data

C̄ =
1
n

n

∑
i=1

cosθi

S̄ =
Yr

n
S̄ =

1
n

n

∑
i=1

sinθi

Standardize the Samples

Mean Resultant Length

R̄ =
R
n

2 C̄2 + S̄2

Resultant

R = 2 X2
r + Y2

r
C̄ =

Xr

n

Circular Variance

s2
0 = 1 − R̄ = (n − R)/n



von Mises Distribution

Analysis of Directional Data

Maximum entropy distribution for 
circular data – also referred to as 
the circular normal distribution.  
This distribution is referenced to  
the sample mean angle ( ) and a 
measure of concentration ( ) which 
is analogous to the sample variance. 

: all angles are equally prob- 
able; 

: the distribution becomes 
highly concentrated about the 
angle . 

The von Mises distribution is used extensively in tests designed to determine whether a 
single angle, or a group of angles differs significantly from a limiting condition.

μ
κ

κ = 0

κ > 2

μ

pμ,κ =
exp(κcos(x − μ))

2πI0(κ)



Mean R Kappa Mean R Kappa Mean R Kappa Mean R Kappa

0.00 0.00000 0.26 0.53863 0.52 1.22350 0.78 2.64613
0.01 0.02000 0.27 0.56097 0.53 1.25672 0.79 2.75382
0.02 0.04001 0.28 0.58350 0.54 1.29077 0.80 2.87129
0.03 0.06003 0.29 0.60625 0.55 1.32570 0.81 3.30020
0.04 0.08006 0.30 0.62922 0.56 1.36156 0.82 3.14262
0.05 0.10013 0.31 0.65242 0.57 1.39842 0.83 3.30114
0.06 0.12022 0.32 0.67587 0.58 1.43635 0.84 3.47901
0.07 0.14034 0.33 0.69958 0.59 1.47543 0.85 3.68401
0.08 0.16051 0.34 0.72356 0.60 1.51574 0.86 3.91072
0.09 0.18073 0.35 0.74783 0.61 1.55738 0.87 4.17703
0.10 0.20101 0.36 0.77241 0.62 1.60044 0.88 4.48876
0.11 0.22134 0.37 0.79730 0.63 1.64506 0.89 4.85871
0.12 0.24175 0.38 0.82253 0.64 1.69134 0.90 5.30470
0.13 0.26223 0.39 0.84812 0.65 1.73945 0.91 5.85220
0.14 0.28279 0.40 0.87408 0.66 1.78953 0.92 6.53940
0.15 0.30344 0.41 0.90043 0.67 1.84177 0.93 7.42570
0.16 0.32419 0.42 0.92720 0.68 1.89637 0.94 8.61040
0.17 0.34503 0.43 0.95440 0.69 1.95357 0.95 10.27160
0.18 0.36599 0.44 0.98207 0.70 2.01363 0.96 12.76610
0.19 0.38707 0.45 1.01022 0.71 2.07685 0.97 16.92660
0.20 0.40828 0.46 1.03889 0.72 2.14359 0.98 25.25220
0.21 0.42962 0.47 1.06810 0.73 2.21425 0.99 50.24210
0.22 0.45110 0.48 1.09788 0.74 2.28930 1.00 ∞
0.23 0.47273 0.49 1.12828 0.75 2.36930
0.24 0.49453 0.50 1.15932 0.76 2.45490
0.25 0.51649 0.51 1.19105 0.77 2.54686

Maximum Likelihood Estimates of von Mises κ



A continuous probability distribution  
for non-negative random variables, 
similar to the  distribution with 2 
degrees of freedom. Used in vector 
Tests where the magnitude of a 
vector in a 2D place is related to 
Its directional components. This  
Distribution assumes the distribution 
of magnitudes and directions are  
uncorrelated, normally distributed, 
have equal variances and 0.0 
mean.  
Owing to this highly limiting, and somewhat unrealistic, conditions the Rayleigh distribu-
tion is often replaced by the Weibull distribution in many practical applications. 
Regardless, this distribution is used in a number of simple, directional statistics tests.

χ2

Rayleigh Distribution

Analysis of Directional Data

pσ =
x
σ2

e
−x2
2σ2



Rayleigh Distribution
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Critical z Values for the Rayleigh’s Test
Taken from Zar, 1981 Table B.32



Rayleigh’s Test for a Preferred Trend
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Orientation of Glacial 
Striations in Southern Finland

Xr =
n

∑
i=1

cos θi

Yr =
n

∑
i=1

sin θi

R = 2 X2
r + Y2

r

R̄ = R/n

Xr = − 25.7933

Yr = 31.6367

R = 40.8188

R̄ = 0.8004

Reject  at 
= 0.05. The 
data exhibit a 
preferred ori-
entation.

H0 a

R̄α=0.05,n=51 = 0.2981



Rayleigh’s Test for Comparison to a Specific Trend
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Orientation of Glacial 
Striations in Southern Finland This test can be made exact, but this requires the use 

of extensive charts to enable setting of the correct 
critical value (Stephens, 1969). An alternative, 
approximate approach is to calculate the confidence 
interval on the mean vector direction and use that as a 
standard to which any specific trend might be 
compared.

θ̄ = tan−1(Yr /Xr)

se =
1

2 nR̄κ

Mean Vector:

Standard Error:
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Orientation of Glacial 
Striations in Southern Finland

θ̄ = tan−1(Yr /Xr)

se =
1

2 nR̄κ

°θ̄ = 129.19

°se = 5.2924

123.898° - 134.483°CIα=0.05 =

 CIα=0.05 = Zαse

Rayleigh’s Confidence-Interval  Test for Comparison to a 
Specific Trend



 Test for Comparison to a Specific TrendV
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Orientation of Glacial 
Striations in Southern Finland V =

1
n

n

∑
i=0

cos(θi − μ0)

Where:  - specific trend angle.μ0

u = R̄ ⋅ 2 2n ⋅ cos(θ̄ − μ0)

R̄ = 2 (
1
n

n

∑
i=1

cos(θi)) + (
1
n

n

∑
i=1

sin(θi))



 Test is Referenced to the Standard Normal DistributionV
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Mean = 0.0 
St. Dev. = 1.0



 Test for Comparison to a Specific Trend: ExampleV
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Orientation of Glacial 
Striations in Southern Finland

V =
1
n

n

∑
i=0

cos(θi − μ0)

u = R̄ ⋅ 2 2n ⋅ cos(θ̄ − μ0)

° μ0 = 90

 V = 0.6203

R̄ = 2 (
1
n

n

∑
i=1

cos(θi)) + (
1
n

n

∑
i=1

sin(θi))  R̄ = 0.3385

u = 2.7761

α = 0.9967



Zhumabek et al. (2017)
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Directional Data: Example Analysis

Landsat satellite images commonly exhibit large-scale linear structuring of the Earth’s surface. But the 
origin of these lineations is unknown. These two Bangladesh datasets can be used to test for an 
association between Landsat-identified lineaments and the axes of subsurface anticlines.

Linements Anticline Axes



Anticline Axes (n=34)

12 16 14 5

192 202 169 163

186 186 24 344

343 346 161 341

339 150 169 336

351 156 159 352

152 162 341 181

348 158 156

330 162 20

Test for Equality of Samples in Directional Data
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LandSat Lineaments (n=36)

350 32 15 8

214 192 16 26

356 218 198 221

350 18 221 342

160 205 35 337

2 171 196 14

184 246 175 25

354 213 26 212

42 354 13 202



Test for Equality of Samples in Directional Data
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Test for Equality of Samples in Directional Data
The equality of two mean vectors can be tested by comparing the resultant vectors of the two groups 
added together to the resultant vector of the pooled data. If the two samples were drawn from the 
same population this angular difference should be negligible (H0), but if they were drawn from 
different populations it should be large (H1).

Analysis of Directional Data



Test for Equality of Samples in Directional Data
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Rantcline = 14.6873
Rlineation = 18.19
Rpooled = 22.289

R̄pooled = 0.3184

κ = 0.67580

F = (1 +
1

3 * 0.6758
)(

(70 − 2)(14.6873 + 18.19 − 22.289)
(70 − 14.6873 − 18.19))

F = (1.5549)(19.3953) F = 30.1577 Fα=0.05,dof=68 = 3.99 Reject H0
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