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Bayesian Inference




Bayesian Inference

In 1763 an essay written by Rev. Thomas Bayes, and entitled An
Essay Towards Solving a Problem in the Doctrine of Chances, was
read to the Royal Society which set out the principles of what has
come to be known as Bayesian inference. This assumes evidence
or observations can be used to calculate the probability that a
hypothesis may be true, or to update its previously calculated (prior)
probability. Computationally this result comes from a combination of
the inherent likelihood (or prior probability) of the hypothesis and the
compatibility of the observed evidence with the hypothesis.

The Bayesian approach to inference contrasts with the standard —
ey Lhomas Sayes or frequentist — approach insofar as it allows probabilities to be
(1701-1761) . . .
associated with unknown parameters such that they can sometimes
have a frequency probability and interpretation of their own. These probabilities are usually
interpreted as representing the analyst's prior belief that given values of the parameter are
true. Unknown, or prior, probabilities are then updated via the examination of new evidence.



Statistical Inference

- measures the probabillity that a given observation
or set of observations fits a statistical model.

P(E|H)

- measures the likelihood that a given statistical
model fits an observation or set of observations.

P(H|E)



Statistical Inference

Bayes Theorem
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Bayes heorem

P(H) - P(E | H)

M= R PETH PG PET-)

P(H) - Prior probability; probability the hypothesis (H) is true (before seeing any
evidence (E)).

P(E | H) - Likelihood; Probability of seeing the evidence (E) if the hypothesis (H) is
true.

P(—H)) - Probability of the hypothesis (H) being false.

P(E | = H) - Probability of seeing evidence the hypothesis (H) is false.

P(H | E) - Posterior probability; probability the hypothesis (H) is true after examination
of evidence (E).



Combining Statistical Inferences

The Additive Law - given two probabilities drawn from the same population, their
union Is equal to their sum.

@ P(AU B) = P(A) + P(B)

AUB

The Multiplicative Law - given two probabilities drawn from the same population, their
Intersection Is equal to their product.

Q P(AB) = P(A) - P(B)

(AB)



Bayesian Inference

Bayes Theorem: Example

We are point-counting a petrographic thin section composed predominantly of yellow
and black grains in approximately equal proportion. Based on a prior analysis of 100

grains we know 12 grains were spinel, but that 4 of these were yellow and 8 were
black. What is the probability of a spinel grain being yellow?




Bayesian Inference

Bayes Theorem: Example

P(H) = P(yellow) = 50/100 = 0.50

P(E | H) = P(spinellyellow) = 4/50 = 0.08
P(—~H) = P(black) = 50/100 = 0.50

P(E | =H) = P(spinel|black) = 10/50 = 0.20

P(H) - P(E | H)
BCHTE
P(H)-P(E | H)+ P(=H) - P(E | =H)
0.50 - 0.08 0.04
P(H | E) = — (.2857

(0.50 - 0.08) + (0.50-0.20) _ 0.14



Statistics as Hypothesis Testing

STATISTICS
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Statistical Inference

Frequentist vs Bayesian Interpretation

- Often regarded as the data-analysis standard, but can be
too inflexible and polarized. If prior and new observations are drawn from samples of
different populations it's difficult to know how to combine them.

- Very successful at focusing analyses on what really matters
and emphasizing the importance of data. But some regard its results as somewhat
speculative. It incorporates more information and allows inferences to be made from
iIndirect data. However, Bayesian results are often counterintuitive.



Inferential Statistics

Quite aside from statistic’s use as set of effec- Frequency
tive ways to describe sets of numbers and >
make certain inferences about probabillity, 80
statistics represents one of the most effective 60

means available for determining whether a
wide range of statements, assumptions and/or
assertions are likely to be true in the face of
limited and/or uncertain data. Its ability to test 0
hypotheses distinguishes this aspect of infer-

ential statistics from data analysis.

40

20

- Numerical procedures designed to summarize and detect patterns in
data.

- Numerical procedures designed to determine the meaning of
patterns detected in data.



Statistics as Hypothesis Testing

Two 500-value datasets

Frequency Data Set 1 Data Set 2

{00 Parameter (Red) (Blue)

80

60

40 I _

20 II

0 _--II T
5 10

0

15

Are these datasets drawn from the same
population?



Statistics as Hypothesis Testing

The Logic of Statistical Hypothesis Testing

® Hypotheses are considered in terms of acceptance of the hypothesis of no
change, or the ‘null hypothesis’ (Ho).

@ Acceptance of the null hypothesis means the observed difference(s) can be
accounted for as a result of random sampling error.

@ Rejection of the null hypotheses means the observed difference(s) cannot
be accounted for by a simple appeal to random sampling error.

~ However, whether this rejection implies acceptance of an alternative
hypothesis (Ha) is controversial.



Statistics as Hypothesis Testing

The Logic of Statistical Hypothesis Testing

There exist two philosophical points-of-view with respect to the correct
interpretation of inferential statistical results.

® Rejection of the null hypothesis implies acceptance of an appropriately stated
alternative hypothesis, at least provisionally, pending the collection of additional

data and the performance of additional statistical tests.

® The null hypothesis can never be rejected formally, only assigned an
appropriate probability or likelihood value. It is always up to the researcher to
make decisions in light of the results of inferential statistical tests.

In effect, this controversy turns on one’s acceptance or rejection that a critical
p-value exists.



Statistics as Hypothesis Testing

The Logic of Statistical Hypothesis Testing

Trends in
Ecology & Evolution

The evidence
contained in the
P-value is context
dependent

Florian Hartig @ '*® and

Frédéric Barraquand®®

In a recent opinion article, Muff et al. [1] re-
capitulated well-known objections to the
Neyman-Pearson Null-Hypothesis Signifi-
cance Testing (NHST) framework and
called for reforming our practices in statis-
tical reporting. We agree with them on
several important points: the significance
threshold P < 0.05 is only a convention,
chosen as a compromise between type |
and |l error rates (cf. [2]); transforming the
P-value into a dichotomous statement
leads to a loss of information (cf. [3]); and
P-values should be interpreted together
with other statistical indicators, in particu-
lar effect sizes and their uncertainties [4].
In our view, a lot of progress in reporting
results can already be achieved by keep-
ing these three points in mind.

We were surprised and worried, however,
by Muff et al.’s suggestion to interpret the
P-value as a ‘gradual notion of evidence.’
Muff et al. recommend, for example, that
a P-value >0.1 be reported as ‘little or no
evidence’ and a P-value of 0.001 as
‘strong evidence’ in favor of the alternative
hypothesis H1.

We have multiple reasons for concern with
this proposal. First, for all its faults, ‘statistical
significance’ (P < a) is now a term with a
well-defined meaning for researchers with
appropriate statistical training. For example,
it is usually stressed to researchers in their
initial statistical training that neither the
P-value nor the term significance can be
translated into the probability of an effect.
The term ‘strong evidence,” however, has

no comparably sharp definition [5], and
researchers have not been trained to avoid
possible misinterpretations. If results were
reported as recommended by Muff et al.,
we anticipate that most scientific readers
would interpret the statement ‘both studies
provide strong evidence for an effect’ as
saying that, based on each study alone, it
is equally likely that an effect exists. Unfortu-
nately, however, this intuitive interpretation
of the word ‘evidence’ does not map to
the information contained in the P-value.

To understand why, consider that, for un-
derpowered experiments, P-distributions
are approximately flat under either HO or
H1, whereas in high-powered experi-
ments, we are much more likely to observe
low P-values under H1 (Figure 1A see also
[6]). As a consequence, the probability that
a significant P-value is a false positive (i.e.,
false discovery rate) or below any other
threshold depends on the power of the ex-
periment, a point frequently noted in dis-
cussions of the replication crisis and the
shortcomings of the NHST framework.
For these reasons and more, Wasserstein
and Lazar [7] warn, ‘Researchers should
recognize that a p-value without context
or other evidence provides limited informa-
tion,” and by itself, a p-value does not pro-
vide a good measure of evidence regarding
amodel or hypothesis.’

Muff et al. [8] respond to similar points
from Lakens [6] by saying that evidence la-
bels ‘should not be understood as hard
thresholds’ and that ‘most applied scien-
tists would agree that it matters a lot
whether P =0.001 or P=0.999.” Although
this may be true, it fails to address the crit-
icism that the probability of obtaining a low
P-value under H1, and thus the evidence
contained in the P-value, is inherently
power dependent.

When looking for a statistical indicator that
maps better and context-free to the intuitive
linguistic interpretation of ‘evidence,’” one
would be hard-pressed not to consider the

¢ CellPress

Bayes factor (BF), defined as Pr(DIH1)/
Pr(DIHO) [9]. The BF expresses the relative
support for the two hypotheses from the
data D, and, assuming prior odds of
50:50, we can convert the BF into the pos-
terior probability of an effect Pr(H1ID).
Under certain restrictive assumptions, it is
possible to establish a correspondence be-
tween the P-value and the BF [10], but our
simulations illustrate the well-known fact
that the relationship between evidence
expressed as Pr(H1ID) and the P-value is
sample size dependent (Figure 1B), rein-
forcing the intuition that it is not possible
to interpret the evidence contained in a
P-value without considering sample size.

All this is not saying that the P-value does
not correlate with evidence. All other
things being equal, a lower P-value
means more evidence against the null. Im-
portantly, however, the reverse is also
true: the higher the P-value, the more evi-
dence in favor of the null. In our example,
most observations of P > 0.1 would trans-
late into Pr(HOID) = 1 — Pr(H1ID) > 50%
(Figure 1B). Interpreting this as ‘no evi-
dence against the null,” as suggested by
Muff et al., also seems misleading.

In conclusion, Muff et al. propose to attach
verbal labels to the well-known star nota-
tion (ns, *, **, ™) that is already commonly
used in statistical reporting. It would be
convenient for scientists if such a direct
translation of P-values into verbal state-
ments about the evidence for an effect
existed, because those statements would
simplify the notoriously difficult interpreta-
tion of the P-value considerably. Unfortu-
nately, however, the evidence contained
in a P-value is context dependent, and
suggesting otherwise, if only verbally,
only invites further misinterpretations of
this famously misunderstood quantity [11].

We therefore advise against using the
suggested interpretation of P-values as
evidence in statistical reporting. If re-
searchers desire to avoid the significance
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Rewriting results sections in the language

of evidence

Stefanie Muff @, ">*@ Erend B. Nilsen, >**® Robert B. O’Hara, '>® and
Chloé R. Nater®®@

Despite much criticism, black-or-white null-hypothesis significance testing with
an arbitrary P-value cutoff still is the standard way to report scientific findings.
One obstacle to progress is likely a lack of knowledge about suitable alternatives.
Here, we suggest language of evidence that allows for a more nuanced approach
to communicate scientific findings as a simple and intuitive alternative to statis-
tical significance testing. We provide examples for rewriting results sections in
research papers accordingly. Language of evidence has previously been suggested
in medical statistics, and it is consistent with reporting approaches of international
research networks, like the Intergovernmental Panel on Climate Change, for
example. Instead of re-inventing the wheel, ecology and evolution might benefit
from adopting some of the ‘good practices’ that exist in other fields.

The century-long debate around the P-value

The P-value is probably the most commonly used and yet the most hotly debated statistical measure
employed for the interpretation of quantitative research outcomes (e.g., [1-5]). The P-value is, in es-
sence, the main ingredient in null-hypothesis significance testing (NHST), where the existence of an
effect of interest is evaluated following a recipe-like procedure. In the almost 100-year-long history
of P-values, the respective practice of NHST has continually been criticized in literally hundreds of ar-
ticles (e.g., [6-12]). Eventually, statisticians shocked their audience with articles entitled ‘Why most
published research findings are false’ [10] and ‘The statistical crisis in science’ [13], essentially
condemning the reliance on P-values and NHST to assess the statistical significance of effects.
One key problem is the mistaking of statistical significance for scientific importance, even though
the myth that lower P-values automatically imply higher relevance was debunked a long time ago
(e.g., [8,14]). In addition, the P-value is often misinterpreted (see for instance [14] for a list of 12 P-
value misconceptions), illustrating that understanding what the P-value actually means is not as sim-
ple as it seems. Formally, the P-value is the probability of observing an outcome that is at least as ex-
treme as an observed data summary, under the assumption that a certain hypothesis, the so-called
null hypothesis (Ho), is true (Box 1). The null hypothesis thereby implies that a specific mathematical
model is correct, for example that the data are normally distributed with a prespecified mean. In
NHST we can only do two things: we can either reject Hp or we can not reject it. If we cannot reject
Ho, that is, when P lies above a predefined threshold (usually P > 0.05), it is incorrect to conclude that
‘...there was no effect...” or that ‘the null hypothesis is true’. In fact, H, cannot be proven and ‘absence
of evidence is not evidence of absence’ [15], reflecting that NHST is an intrinsically asymmetric pro-
cedure. Similarly, the P-value is often interpreted as the probability that Hy is true, a misconception
that is persistent despite it having been pointed out repeatedly (e.g., [8,11,14]).

More recently, several high-profile papers have brought the same old controversy to the attention
of the broader scientific community [3,4,12,16]. The discussion was boosted by a statement on
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Highlights

It has been known for decades that
there are severe problems associated
with null-hypothesis significance testing
(NHST) based on arbitrary P-value
thresholds (e.g., P = 0.05).

A small literature review indicates that
much of the current research in ecology
and evolution is still disregarding the
warnings and frequently relies on binary
decisions based on P-values to report
statistical significance.

While the P-value itself is a sound math-
ematical concept that does not have to
be banned when used correctly, we
should stop using the term ‘statistical
significance’ and replace it with a grad-
ual notion of evidence.

Language matters and ‘evidence’ is an
intuitive concept that honestly reflects
what the data really tell us.

To facilitate rewriting scientific results, we
offer generic examples of how to trans-
late (binary) significance language into a
gradual language of evidence.

"Department of Mathematical Sciences,
Norwegian University of Science and
Technology NTNU, 7491 Trondheim,
Norway

2Centre for Biodiversity Dynamics,
Norwegian University of Science and
Technology NTNU, 7491 Trondheim,
Norway

3The Norwegian Institute for Nature
Research (NINA), 7485 Trondheim,
Norway

“Nord University, Faculty of Bioscience
and Aquaculture, 7713 Steinkjer, Norway

*Correspondence:
stefanie.muff@ntnu.no (S. Muff).
Twitter: @stefaniemuff (S. Muff),
@eb_nilsen (E.B. Nilsen), @BobOHara
(R.B. O’'Hara), and @chloe_nater
(C.R. Nater).

tps://doi.org/10.1016/j.tree.2021.10.009 203

ativecommons.org/licenses/by/4.0/).

Muff, S., Nilsen, E.B., Nater, C.R., and O’'Hara, R.B., 2022, Joint
reply to “Rewriting results in the language of compatibility” Trends
in Ecology & Evolution, v. 37, p. 571-572,
doi:10.1016/j.tree.2022.03.007.

Hartig, F., and Barraquand, F., 2022, The evidence
contained in the P-value is context dependent: Trends In
Ecology & Evolution, v. 37, p. 569-570, doi:10.1016/
J.tree.2022.02.011.



Statistics as Hypothesis Testing

Frequency

100

80

60

40

20

0

Ho: No significant difference between the locations of the means relative to the
dispersion of data about the means.

Ha: Significant difference between the locations of the means relative to the
dispersion of data about the means.



Statistics as Hypothesis Testing

Two-Sample Students t-Test

t:xl—xz S, =8, -
Se
2 (= 1) - sp)+ ((my = 1) - 59)
P o

n1+n2—2

Where: X = mean of samples 1 and 2;

s = variances of samples 1 and 2;

n = sizes and samples 1 and 2;

S, = standard error;

Sg = pooled standard deviation.



Statistics as Hypothesis Testing

Two-Sample Students t-Test

10.05 — 4.88
— = 32.55

0.16

1 1
s, =2.51 \/ +— =0.16
500 500

2 (500 —1)-8.49) +((500 — 1) - 4.15)
1 500 + 500 — 2

= 6.32

f = 32.55
p =7.91x 10-154

Very, very, very small probability of observing a difference this large.



Statistics as Hypothesis Testing

Two-Sample Students t-Test Assumptions

Frequency

100

80

60

40

20

0 x-Value
15

Both samples are drawn from normally distributed populations.

Samples have equivalent variances.”



Types of Statistical Tests

- statistical tests which assume the data have come
from a population whose frequency distribution is known. The term ‘parametric’ is
used because the equation describing the shape of the distribution is assumed to
have a fixed number of parameters.



Sampling Assumptions

Parametric Statistical Test Assumptions

Specimens comprizing the sample must have been obtained independently
and randomly (= equiprobable selection potential).

Variables of interest must be normally distributed in the population(s) of
Interest.

If multiple variables or multiple populations are being compared each must
have equivalent variances (= homeoscedasticity).

The means of the variables/populations must be linear combinations of effects
on specimens (rows) and/or variables (columns).



Distributional Assumptions

® All parametric statistical tests (z-test, t-test, F-test) are only valid in a strict
sense if the population variable(s) of interest is/are normally distributed in the
population of interest.

@ If the sample has been obtained correctly its distribution should reflect the
distribution of the population.

® Whereas it is often claimed that certain parametric statistical tests are robust to
deviations from distributional assumptions, no parametric test is robust to all
deviations from its assumptions.

& A variety of alternative statistical tests are available for use with data known or
suspected to deviate from normality.



What if Your Data Aren’'t Normal?

- statistical tests which assume the data have come

from a population whose frequency distribution is known. The term ‘parametric’ is
used because the equation describing the shape of the distribution is assumed to

have a fixed number of parameters.

- statistical tests which do not assume that the
data have come from a population whose frequency distribution is known. The
term ‘non-parametric’ is used because the equation describing the shape of the
distribution is assumed to have an unknown number of parameters.



Statistical Hypothesis Tests

- arrive at probability estimates via reference to a
particular probability distribution (e.g., normal distribution, t-distribution, F-ratio
distribution).

@ Significance estimates are accurate so long as distribution assumptions are
correct.

- arrive at probability estimates via reference
to any conceivable frequency distribution regardless of its shape.

& Significance estimates may be less accurate, but are often better than
parametric estimates based on incorrect assumptions.



Sampling Assumptions

Non-Parametric Statistical Test Assumptions

. Specimens comprizing the sample must have been obtained independently
and randomly (= equiprobable selection potential).

~ Variables of interest must exhibit an underlying continuity.



Non-Parametric Statistical Tests

Non-parametric Forms of Parametric Tests

@ - calculate all
possible values of the test stat-
Istic under rearrangements of
the labels of the observed data
points. In other words, the
method by which treatments are
allocated to subjects in an ex-
perimental design is mirrored in
the analysis of that design. If the
labels are exchangeable under
the null hypothesis, then the
resulting tests yield exact signi-
ficance levels.




Non-Parametric Statistical Tests

Non-parametric Forms of Parametric Tests

® Monte Carlo Simulation - generate |
the reference distribution by Monte /\
i A

Carlo sampling, which takes a
small (relative to the total number
of permutations) random sample
of the possible replicates. This
procedure is asymptotically equi-
valent to a permutation test and
should be used when there are
too many possible orderings of
the data to allow complete enu-
meration in a convenient manner.
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Non-Parametric Statistical Tests

Non-parametric Forms of Parametric Tests

- systematically recomp-
uting the statistic estimate leaving out
one or more observations at a time
from the sample set. From this new
set of replicates of the statistic, an
estimate for the bias and an estimate
for the variance of the statistic can
be calculated.




Non-Parametric Statistical Tests

Non-parametric Forms of Parametric Tests

- estimate the sampling dist-
ribution of statistic by sampling with replace-
ment from the original sample.

- accept all
pseudo-replicate samples assembled re-
gardless of their distribution.

- ensure each
pseudo-replicate sample has the same
mean and variance as the original sample.




How to Avoid Lying With Statistics

Understand what question(s) you're trying to answer.

Be suspicious of your sample. Is it representative”? Do the data collected
conform to a normal distribution?

Think hard about what data you want/need to collect and why.

Read about and understand the procedures and tests you are considering
before you decide to use any. If you have questions, ask someone with more

experience.
Use robust tests that are designed to analyze the data you happen to have.

Be suspicious of any results you obtain; use multiple tests, look for
consistency.

Do not succumb to the temptation to use statistics to try to ‘produce’ support
for any particular hypothesis.
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